                                                 SET THEORY
Set has two elements 
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Single set 
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Empty set 
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          B is subset of A if 
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    -Empty set is subset of any set.
Example:Let A has 3 element
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subset of A are ;
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Let there are given sets XY,then cartesian product of X and Y is a set.
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         Let X,Y subset of 
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.Then it is said that there is given function between X and Y. 
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 if each element of X coor.only one element of Y.
         X is called domain of X,Y is called range of f.In general case Range is smaller than Y.Range
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Definition:The function 
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is said onto to onto (surjective) if Range=Y.
Definition:The function 
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Sujective and injective function is called bijection function.

Let A,B to be subset of X. (
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İnverse image ;
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De Morgan laws:
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Countable Set:
Definition:Let 
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 we said that A is countable İf range is same sequenees.
Definition:A is countable if it can be biject to the natural number.
Example: 
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Proposition:Every subset of countable set is also countable.And any finite set is countable.
proof:
         Let A be a countable set and 
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 We have to prove B is countable?
 A is countable 
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A is range of sequence
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 A can be shown 
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      B can be shown as sequence 
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Proposition:Every union countable set is countable.
Proposition:The set of rational number is countable.
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Algebra of sets;
     Let 
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 is collection of the subset of X.
Definition: 
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 is called algebra if 
 1-for any
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A has n element then number of subset of A 
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From the de Morgan laws if can be shown that
 3-
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Page 31.Axioms for real numbers
   There are 3 groups axioms for real numbers
   A)The field axioms
   B)Axioms of order
   C)Completness axiom
             THE FİELD AXİOMS 
Let R is set of real number.
A1) 
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         AXİOMS OF ORDER 
For the positive real numbers set P.
B1) if 
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Definition:Let S is subset of the R.
      If for any 
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      If for any 
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      If b is an upper bound for the S then 
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Definition:At least element among the upper bound for S is sup S.(ebas).Let subS=
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       COMPLETNESS AXİOMS:
If S is subset of real numbers and has an upper bound then S has at least an upper bound.
Propositions;(archimed axioms)
                For any real number 
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proof: If 
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Then all k bounded by 
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Let us denote 
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By the definition of the upper bound 
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            Then by the definition 
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SEQENCE OF REAL NUMBER
Let 
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 be a sequence of real numbers
Definition:We will said that 
[image: image106.wmf]n

x

 converges to the 
[image: image107.wmf]l

Î

¡


  If 
[image: image108.wmf]00

0,,

nnn

e

">$">

;
                                      
[image: image109.wmf]n

xl

e

-<


                                
[image: image110.wmf]n

lxl

ee

-<<+

 
Definition: (cauchy sequences)
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Theorem: (cauchy critarian)
           The sequence 
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 is convergent iff this is Cauchy sequences.
proof: 
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Let us prove this is cauchy sequences by the definition 
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We can take any 
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Then 
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 satisfy Cauchy sequences.

Theorem:Increase in an bounded above sequence is convergent.
Definition: (Diverge) 
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Definition: (Clustern point)
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 is clustern point of 
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If function convergent to 
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 then it is clustern point for sequence but inverse not hold it is mean that sequence has clusterm point but convergent.
Theoerem:Clustern point is not limit sequences.
limit of
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 limit point of 
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proof: Clustern point of the sequences sometimes is called limit point of sequences.İf, 
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 has two cluster point (limit point) but it not has limit.
Example:Let is find clustern point this sequence
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 sequence 
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 has two limit point (cluster point) then it has not limit.
Theorem:Sequences of the real numbers has at most one limit.
proof:Assume conversely .Let 
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Let fix this 
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(H.W.)Theorem:Every monoton bounded real number sequence is convergent.
a)This mean that monoton increasing and bounded above sequence is convergent.
b)Monoton decreasing bounded below sequence is convergent.

Theorem:Let 
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proof:
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By using definition 
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Let p>max
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Definition: 
(limit interior and limit superior)
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REMARK:
                  It is always is true that 
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Theorem:Let 
[image: image206.wmf]n

x

 real number sequence is bounded then let 
[image: image207.wmf]limsup

n

n

x

®¥

 is largest clustern point and 
[image: image208.wmf]liminf

n

n

x

®¥

 is smallest clustern point of this sequences.

proof:
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Open and closed set in real number:
    Simple set in real numbers is interval 
[image: image239.wmf]{

}

;

xaxb

<<

 
Definition: The set 0 of the real numbers is called open if 
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We can write,definition fall form.
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Proposition:The intersection of the two open set 
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Proof:Let 
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Remark:From this proposition it means that intersection of any finite open set is open.
Proposition:Union of any infinite number of open sets is open.
proof:Let U is union of the collect of open set C.
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Due to 
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[image: image271.wmf]{

}

0

M

=

 is not open(the zero set ‘0’ is not open)
Remark:Infinite union of open set is open.But for intersect of infinite open set is not hold.
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proof:Any open set of F the real numbers is union of countable disjoint open interval.
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Definition:The point x is called closure point of E if 
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           From the definition it means that any point of E is closure of E.
Proposition:If 
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proof:By the definition first relation is clear
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Let prove second relation
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Definition:The set E is called closer if E=
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.We can say definition of closed set also following form.If E contains its closure point, 
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Proposition:For any E the set 
[image: image319.wmf]E

is closed ,and 
[image: image320.wmf]EE

=


Proof:Let take any closure point x of 
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Proposition:Union of two closed set is closed.
Proof:Let 
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Proposition:Union of infinite number of closed set is closed.
Proposition:Intersectionof finite number of closed set is closed.Collect of the set C is called cover of F if 
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Heine-borel(lemma) :
                Let F be is closed and bounded set of real number then any open cover of F has finite subcover.
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REMARK:Let real valued function 
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      There exist 
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Proposition: Real valued function 
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Definition:The sequence of the function 
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Definition: 
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Example:Show that 
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 is a cluster point of 
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By tinductively we can choose 
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Example:Show that every bounded infinite sequence has a sunsequences that converges ta a real number.

               By definition 
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By theorem (8) there exist convergent subsequences.
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Theorem:Let x is bounded and closed real numbers 
The sequence if continuous function 
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Definition:The function 
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CHAPTER 3:
          Measure theorem:
The know lengths of interval is difference between and points.The arrays qeuestion What’s length(measure) of the any open set of then real numbers?Then approxinately you can define function 
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3)If E has measure then 
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         Outer measure
Let A be any real numbers set and 
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From this definition we can write 
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          3)If set has single point then has measure zero.
Let us prove (3)
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By Heine-Borel Lemma inf. Cover of 
[image: image497.wmf]n

I

È

of 
[image: image498.wmf][

]

,

ab

 has finite subcover

[image: image499.wmf]1

k

i

i

I

=

Þ$È

   
[image: image500.wmf][

]

,

ab



 EMBED Equation.DSMT4  [image: image501.wmf]Ì



 EMBED Equation.DSMT4  [image: image502.wmf]1

k

i

i

I

=

È



[image: image503.wmf]1

I

Þ$

 
[image: image504.wmf]11111

(,)

aIabaab

Î=Þ<<


If 
[image: image505.wmf]122222

(,)

bbIababb

<Þ$=Þ<<

  then 
[image: image506.wmf]11

(,)

ab

=a,
[image: image507.wmf]22

(,)

ab

=b….
We can continuous this by finite step 
[image: image508.wmf]1

kkk

abb

-

<<

 then
   
[image: image509.wmf]121

1

().....

k

nkkk

n

lIbabba

-

=

=-+++-

å

  
 
[image: image510.wmf]112

()().....

kkkkk

babab

---

=----

    
[image: image511.wmf]11

k

ababa

>->-



Sigma algebra 
                 The collection of the subset of 
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 will be called sigma algebra if it contains countable union and countable intersection.
Remark: There exist smallest sigma algebra which contains
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Borel set:
               Intersection of the countable number of closed set is closed.But for the union of countable number closed sets.We can’t say this!!(can’t union countable open.)
Example:Rational number is countable its means that Rat num=
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Definition: (borel set)
                 Borel set is smallest  sigma algebra which contain all open and closed interval.
Proposition: Let 
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Proof:If 
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Corollary1)
                 If A is countable then 
[image: image530.wmf]*

()0

MA

=


Proof:
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Corollary2)
                 The set [0,1] is not countable.
Proof: 
          If [0,1] be countable then 
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 Proposition:For any set A and 
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              Measure sets and lebesgue measure

   Outer measure is advantage because can be apply for any set.But outer measure has subadditive character but not additive character(proposition 2)
              Caratedory definition of the measure of set 
Definition:
               The set E is measurable if for any set A.
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Then for measurability if the E we need only to show
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REMARK:3)If E is measure the 
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It means that definition has symmetric character.
 Lemma:If 
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Proof:We have to prove for any set A.
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 It means that (1) is correct.
Theorem: Collection of measurable set is algebra that if E measurable the 
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Theorem:Let 
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Theorem:Let 
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Lemma:Let A be any set,and 
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Proof:We prove the lemma by induction on n.It is clearly true for n=1,and we assume it is true if we have n-1 sets 
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Theorem:The collection 
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 of measurable sets is a sigma algebra ;that is the complement of a measurable sets is a measurable and the union(and intersection) of a countable collection of measurable sets in measurable.Moreover,every set with outer measure zero is measurable.
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Proof:
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Lemma:The interval 
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Proof:Let A be any set, 
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Theorem:Every Borel set is measurable.In particular each open set and each closed set is measurable.
Borel set;is smallest sigma algebra which contain all open and closed interval.
                                      MEASURABLE FUNCTİON
Proposition:Let f be an extended real-valued function whose domain is measurable.Then the following statements are equivalent.
i)For each real number 
[image: image624.wmf]a

 the set 
[image: image625.wmf]{

}

:()

xfx

a

>

 is measurable.
ii) For each real number 
[image: image626.wmf]a

 the set 
[image: image627.wmf]{

}

:()

xfx

a

³

 is measurable.
iii) For each real number 
[image: image628.wmf]a

 the set 
[image: image629.wmf]{

}

:()

xfx

a

<

 is measurable.
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The statements imply
v) For each extended real valued 
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Let 
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Definition: The extended real valued function which defined on measurable set is measurable if one if four statements in the proposition 18 is hold
               1) Continuous function defined on measurable set is measurable.
               2)Step function is measurable.
Remark:
             Let 
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Step function is continuous except finite number of point.
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Proof:We have to prove that one of statement of the proposition (18) is hold
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  Then by using the corollary of Arshimed axioms
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           cf is measurable:
Because;
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cf is measurable
       Let us prove 
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Theorem:Let 
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Proof: Let take 
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 is measurable.
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Definition:A property is said to hold almost averywhere if the set of points where it fails to hold is a set of measure zero.
    For example; 
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Proposition:Let 
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   Following theorem mean that for the measurable function we can approximate simple and continuous function.
Theorem:Let f is measurable on [a,b] if takes value 
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Characteristic function of the set A denoted by 
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If measurable then 
[image: image709.wmf]A

c

 is also measurable
Step function:
                    The function 
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Simple function:
                  The function 
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canonical reprent of simple function.
Littlewood’s Three Principles:
              Speaking about the function  we have to think following three principles:
1-Any measurable set şs nearly union of finite open intervals.
2-Any measurable function is nearly continuous.
3-Any sequences of measurable convergent function is uniform convergent.
Theorem(Lusin) :
                Let 
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The following theorem is about III. Principle 
proof:Let E is measurable set and 
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The Lebesgue Integral:
          1-The Rieman Integral
   Let f be a bounded real-valued function defined on the interval [a,b] and
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The upper Rieman integral of f by
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By a step function we mean a function 
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Dirictlet function:
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ii)if f=g a.e Then;
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Proposition(Bounded convergence theorem) :
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The Integral Of Nonnegative Function:
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Proof: (2) Let 
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Theorem (Fatou’s theorem) :
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Proof:Let h(x) tobe bounded measurable function and vanish autside of 
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Theorem (monotone convergence) :
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Proof:We know Fatou’s theorem that  (eksıkk)  (1)
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General Lebegue Integral:
     Let E is measurable set function of defined on E.Define 
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Definition:Let f is defined on measure. Set E.The function 
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THEOREM : Let f and g be integrable on E.Then;
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THEOREM : (Lebesgue Convergence) Let g(x) is integrable on E and 
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Proof:

Proposition 15 :

ii)Let f&g are integrable
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Proposition 15:
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THEOREM 16 : g be integrable & 
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REMARK: Maybe 
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Proposition : Fatou’s convergent monoton convergent and Lebesgue convergent are correct if the substituted in this proposition convergent by the measure convergent.

CHAPTER 5
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These relation is hold in Riemann Integral.

We are going to show second relation is true almost evetywhere but first is dif and satisfy some class of function (second relation hold if X is continuous of function f )

REMARK : We know in Riemann Integral Rules that 
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Proof : (1.2 equ.) Let 
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THEOREM : (Vitali): Let the set E has finite outer measurable and 
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Definition :
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 These four quantity is called derivatives of f at the point X.

We know that 
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If 
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Proposition : Let f(x) is continuous in [a;b] and one of derivatives above (for exam 
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THEOREM : Let f(x) ,s ncreasinf real valued function on [a;b].Then f(x) diff. a.e in (a,b)
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FUNCTIONS OF BOUNDED VARIATION

Let f(x) is defined and cont. in [a;b] 

Let take any subdivision
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Here we take 
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We can calculate that 
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Let us denote  supp=P

                        Supn=N

                       Supt= T

It is clear that  
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P is positive variation 

N is negative variation 

T is total variation

If 
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LEMMA: Let f(x) bounded variation on [a;b] . then P=N+f(a)-f(b) and 
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PROOF : We know that p=n+f(a)-f(b). Let take sup last relation supp=supn+ f(a)-f(b).

P=N+f(a)-f(b)

Let us prove second relation. We know n=p-(f(a)-f(b))

 t= n+p => =2p-(f(a)-f(b))

Let take both sides 

T=2P-(f(a)-f(b))        (f(a)-f(b))=p-n    P+N

THEOREM : The function f(x) is bounded variation on [a;b] if and only if it can be shown difference of two monotone real valued function on [a;b]

PROOF : Let us denote 
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Then we can write ;

 f(x)=g(x)-h(x)+f(a)

g(x) and h(x) are measurable function

Then f(x)=g(x=-(h(x)-f(a))

Consider f(x) can be shown of two monoton function g(x),h(x) on [a;b]

f(x)=g(x)-h(x)

Let us take any subdivision on [a;b]

Then 
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Corollary: If f(x) is bounded variation of [a;b] then there exist f’(x) almost everywhere on [a;b].

In this chapter our aşn to investigate the integral F(x)= 
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We will try to show derivative of the integral is integrant.

Lemma : If f(x) is integrable on [a;b] then the function  F(x) =
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 is continouse of bounded variation on [a;b].

PROOF : By using proposition (4.14) we can show that f(x) is continuous 
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Let us prove second point 

Take any subdivision 
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Lemma : Let f(x) is integrable on [a;b] and F(x)=F(a)+ 
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Then F’(x)=f(x) on [a;b]
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The segment connect x,y
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Lemma : 
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Absolutely Continuous : 
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METRIC SPACE : 

Let us given set X and for any 
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 it is dfine some nonnegative number d(x,y) which satisfiying following relations :

1. 
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Then tuple (x,d) is called metric space .

Example 1 )  The real line R with distance 
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Example 2 ) n dimensional linear space 
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3. we have to prove 
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REMARK : Cauchy- Schwartz inequality

For 
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By using Cauchy-Schwartz inequality
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It means 
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Example : 
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Hölder Inequality :

For 
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Cauchy Schwartz inequality is special case of hölder ,nequality when p=q=2 Hölder inequality is correct also in the case 
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Minkowski Inequality :
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Minkowski Inequality is corrrect when 
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Ball and Sphere in Metric Space:

Let  (x,d) be metric space and fixed 
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 and r>0 is number following sets.
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 is a sphere 

Definition : (open set ) The subset of 
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 is called open set if any point M contains open ball.

Definition : (Closed set ) The subset of 
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 is called closed set if any point M contains closed ball.

Definition : (neighborhood) 
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Definition : (Accumulation Point) The 
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HOMEWORK : (prove)

1) In 
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2) For the set of continuous fnction in [a;b] let take 
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3) In 
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HOMEWORK: 

1)  1.
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2. d(x,y)=d(y,x)

            
[image: image1055.wmf]1

(,)

n

ii

i

dxyxy

=

=-

å


                        =
[image: image1056.wmf]1

n

ii

i

yx

=

-

å


                        =d(y,x)

    3.  
[image: image1057.wmf](,)(,)(,)

dxydxzdyz

£+



[image: image1058.wmf]11

(,)

nn

iiiiii

ii

dxyxyxzzy

==

=-£-+-

åå

 since 
[image: image1059.wmf]ii

xy

-

 is a metric R and so satisfies the triangle inequality.

=
[image: image1060.wmf]11

nn

iiii

ii

xzzy

==

éùéù

-+-

êúêú

ëûëû

åå


=d(x,z)+d(z,y)

So (
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,d) is a metric space , In fact d is a standart metric known as the 1-norm.
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2) d(x,y)=d(y,x)
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Definition : (closure point ) The set 
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 is called closure point of M if  for 
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Proposition : If 
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Definition: (closed set ) : The set M is called closed M=
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.

Proposition: The intersection of any closed set is closed.The union of two close set is closed.

Definition : (dence) The set 
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 is called dence in X if 
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For example : M(0:1)  X[0:1]

Definition : (Seperable Space) : The Metric space X is called seperable if it has subset which countable number of element and dence in X. 

Example : Set of real numbers is seperable . because ; rational numbers Q subset of R and Q is countable and 
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Definition : (Lindelöf) : 
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Remark : The real line is seperable (By Lindelöf)

CONTINOUS & UNIFORM CONTINUITY IN METRIC SPACE 

Let (X,d) and (Y, 
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) are two metric space. There is given function f:X( Y .The function f is said to be continuous at the point 
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Proposition : The function f from metric space X to metric space Y is continouse if and only if for any open set 
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Definition : (Homomorphism ) The set X and Y metric spaces is calle homomorphic if the inverse of the continuous function from X to Y is also continuous.

Definition : ( isomorphism ) f:X( Y The metric space (X,d),(Y, 
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Definition: (uniform Continuity) : Let f:X( Y and (X,d),(Y, 
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) are calle metric space . The function f is called uniform continuous.if 
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Definition : (Cauchy Sequence ): Let 
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NOTE : We know that n real line any convergent sequence is Cauchy Sequences inverse is hold any Cauchy Sequences is convergent . but in metric space Cauchy Sequences may not convergent.

Definition : (Complete Metric Space ) : If in metric space any Cauchy Seq. İs convergent then this metric sapace is called complete metric space.

COMPACT  METRIC SPACE 

The intervan [0;1] is important in real line because some proposition as Heine – Borel Lemma can be apply on this set. Let us generalized this proposition for metric space.The metric space is called compact if any infinite open cover has finite subcover. We know that complement of closed set is closed. The collection of closed has a finite intersection property if any finite intersection is nonempty .Then you can say following proposition;

Proposition (16) ; The metric space is compact iff for any collection of infinite closed set with finite intersection property has a nonempty intersection.
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Second generalization for the close set [0;1] is Bolsano-Weienstrasse property.

Definition : (Bolsano-Weienstrasse) : The metric space X has Bolsano-Weienstrasse property if any infinite sequence 
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 has at least one clustern point.

Lemma (16) : Any compact metric space has a Bolsano-Weienstrasse property.

Proof : Let 
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Sequential Compact :

The metric space X is sequential compact if any sequences 
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 in X has convergent subsequence 
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Theorem : The metric space X has Bolsano-Weienstrasse property iff it is sequental compact.

Proof : 
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Let X has Bolsano-Weienstrasse property.Let us take 
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This means 
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Total Boundness : 

Definition : The metric space X is called total bound if 
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It means that the space X for any 
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 can be covered by using finite number of ball.

Theorem : Let f(x) be real valued continuous fnc. Defined on seq. Compact metric space . Then f(x) takes its maximum and minimum value on metric space.

Proof: Let M=
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Theorem : The sequentially compact metric space is total bounded.

Proof:  Let assume X is sequential compact but not totally bounded. Then 
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Theorem : For the metric space X following conditions are equivalent.

1) X is compact metric space .

2) X has Bolsane Weienst property.

3) X is sequemtial compact space .

Theorem : Continuous image of the compact metric space is compact.

Theorem : The metric space is compact iff it is complete and total bounded.

Baire Category : 

Definition: ( nowhere dence set ) : The set E is called nowhere dense if 
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Definition : (Set of first Category ) : The set E to be first category if set can be shown union of countable collection of nowhere dense set then it is said that this set to be first category.

If set isn’t first category then it is said that to be second category.

Theorem ( Baire) : Let X to be complete metric space and 
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Corollary : ( Baire Category ) Let X to be complete metric space then no nonempty open set is first category, i.e union of collection of countable nowhere dense set.

COMPLITATION OF METRIC SPACE : 

Definition: (Nested Sequence of closed space ) : Let 
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Theorem : (Necessary and sufficient condition for completness of metric space ) 

The metric space X is complete iff for any nested seq. Of closed spheres 
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Definition : (Completation of M. Space )

Let X is metric space and Y is complete metric space and Y is complete metric space if 
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 then Y is called completation of X.

Theorem : Every metric space R has 2 completion. This completion is unique to within an isometric mapping carriying every point 
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Lp Space : 

Collection of measurable functions defined on [0;1] interval is called Lp space if 
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We can say f and g 
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Let us give norm in Lp 
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Lp space satisfying (2) and (3) relations of normed space .But from the f(x)=0

It is not satisfying 
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Minkowski and Hölder Inequalities:

Theorem : (Minkowski 1) 

Let f and g are in Lp ,where 
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Last inequality is correct because 
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In the case of 
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Lemma: For the 
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Theorem : (Hölder Inequality)

For The nonnegative extended real valued p,q which 
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Proof: The case p=1 q=
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Take integrate ;
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CONVERGENCE AND COMPLETNESS

Definition : The seq. Of the function 
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We are going summable in norme space.

Definition : The sequence of 
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Definition : The seq. of 
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Definition : ( Complete Normed space ) The linear normed space is complete if any Cauchy seq. is convergent.

Definition : Complete linear normed space is called Banach space .

In real line know that any Absolute convergent sseries is convergent. But in normed space it is not true.

Theorem : The normed space is complete iff any absolute summable series is summable .

Theorem : (Rietz-Fischer ) : 
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For each x ,g(x) is increasing real number seq. and bounded above .

Then there exist g(x) which 
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For each x, 
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Approximation in 
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In this section we astophish little wood second principle which says any measurable function is nearly continuous and any measurable function is nearly.
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We can see 
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Proposition : For given 
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Proof : Let A is continuous at the point 
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Proposition : The space B which contains all bounded linear operations define normed vector space into Banach space is also Banach space .

Further throught in this book for convinence we shall use following notations.

T-operator

D(T)-denotes domain of T

R(T)-denotes range of T

N(T)-denotes null space of T

TX- denotes TX

By definition null space of T is collections of all 
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 which TX=0

Linear operator on vector space into linear vector space is homomorphism with preserve operation of linear vecto space.

Inverse Operator

Let T:D(T)(R(T) is linear operator which satisfying one to one condition:

If 
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Then there exist operator 
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The unique operator : 
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The zero operator : O: X(X defined by OX=X

Differential operator : Let on the polinomialls defined [a;b] is given operator following form TX(t)= 
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Integral Operator: For the collections of all cont. Functions on [a;b] we can define operator 
[image: image1351.wmf]0

()

t

TXXtdt

=

ò

.

Ex: 2) The integral f(x)= 
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 for any continuous funciton x(t) for [a;b] defined functional and this function bounded one has the norm b-a.

We can easily check the linearity of this function. <let us find norm of it.
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Ex : Let us show more general example of linear function on continuous function for [a;b] for fixed function 
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Solution : Thiis function is linear because for any 
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This function is bounded and has a norm 
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Equality is hold when x(t)is constant.

Example : In the 
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Remark : 
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[image: image1380.wmf](

)

12

,...,,...

n

xxxx

=

 which the series 
[image: image1381.wmf]2

1

i

i

x

¥

=

å

 is convergent.The base on this space are 
[image: image1382.wmf]1

(1,0,0,...)

e

=

,
[image: image1383.wmf]2

(0,1,0,..)

e

=

,
[image: image1384.wmf]3

(0,0,1,0,...)

e

=

,...
[image: image1385.wmf](0,0,0,...,1)

n

e

=


The norm in this space is defined by setting 
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Sol: This functional is boundd because 
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The right side of the ast inequality is inequality because 
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The Conjugate Space 

It is possible to define operation of addition and multiplication by scalar of linear functionals.

Let 
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The product by scalar of function is also linear function 
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 It is easy to check that set of linear functions on the normed space satisfies all properties of linear space.

This means that set of linear functionals on normed space is linear space.

Let us check that set of linear functionals also satsfies norme properties.

We know ;
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Then we can say set of linear functional on normed space is also normed space. This space is called conjugate space of x and denoted 
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Theorem : The conjugate space is always complete.

Example : Lets take Euclidean space . The base of this space are 
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Then we can say the conjugate space of all finite dimensional space is also finite dimensional sapace and has the same dimensional.

Theorem : (Hahn-Babach) Any linear function which define on linear  subspace S of linear normed space X 
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1) F(x)=f(x), 
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2) 
[image: image1419.wmf]xs

Ff

=


Ex: Let A is linear operator which A: 
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Where 
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This means that infinite dimensional space linear operator can be given by using matrix.

Definitions : (some of operators):

Let 
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 and 
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 be linear operators in which defines from banach space E to Banach space 
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Theorem : For the linear operator 
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 and its sum the following norm relation hold.
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Proof : Let take 
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Definition : (product of the operators )

Let 
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 be linear operators in which 
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The product of these operators is linear  operator which for every 
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Theorem : For the  product of operators the following reation hold 
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Proof : Let take any 
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Definition : ( Inverse of the operator)

Let T is linear operator from Banach spaces E to 
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. Then we can write 

TX=y (1) , 
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If for 
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, the eq. (1) has unique solution, then iit is said the operator T has inverse and denoted by 
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Theorem : Inverse of the linear operator is also operator.

Proof: Let T be a linear operator and 
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By using inverse of the operator we can write  
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Let mult. Of the (1) correp. 
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Theorem : Let A is invertible , bounded and linear  operator defined from Banach  Space E to Banach space 
[image: image1478.wmf]1

E

. Then inverse 
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 is also bounded.

Theorem : Let I is unique operator E is Banach space the operator A is linear bounded and defined from E to itself E, 
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Euclidean Space : 

Definition : By scalar product in the real line R is meant that function defined on two pairs elements 
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 which satisfying following properties.
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Definition : (euclidean space ) The real line with the scalar product properties is called euclidean space. 
Theorem : For any two elements x,y from Euclidean space te following Schwarz-Inequality holds;
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Proof: Let denote ;
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Theorem : The euclidean space is Banach Space with the norm 
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Proof: First and second properties of the Banach space can be verified easily .

Let us prove last third, property of the Banach space.
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* For any two elements x,y from Euclidean space can be define angle between this elements b following way;
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It is said that 
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 are orthogonal vectors.
Definition:The set of elements 
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Theorem:Any set of orthogonal system in Euclidean space is linear independent.
Proof:Let is orthogonal system in Euclidean space i.e, 
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          Assume contraversary;
 Let 
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Let us multiply this relation by 
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Examples in Euclidean space:
   1)Let 
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 is Euclidean space.It is to verify properties of the Euclidean space (1)-(4).We can give norm and metrics is this space by following way.
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Orthonormal vectors in this space are
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2)( example an infinite dimension Euclidean space)
      The space 
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    We know that 
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.It is easy to check poperties of the Euclidean space (1);(4) if 
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If we take summation both side of last inequality we can sure that 
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3)The space 
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4)There are different type of set of orthonormal function in this space but its useful to take orthonormal base as following form
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Theorem:Every orthogonal system in seperable Euclidean space has no more countable elements of 
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Proof: Let R be seperable Euclidean space 
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Let us conver any element of 
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Theorem: (Ortogonolization)
          Let 
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Bessel Inequality Closed Ortonormal:
          Let 
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Let us extended this rule for infinite dimensional Euclidean space R.
Let 
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 Bessel ınequality.
 
   Proof:Let us take
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Definition: If (2) satisfies with equality for every 
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are called closed ortonormal system.
Theorem:In seperable Euclidean space the ortonorma set is closed iff for any 
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Theorem:The Euclidean space is the ortonormal system is closed ii complete.
           Charaterization of Euclidean space
Neccessary and sufficient condition linear normed space E to Euclidean space is
     
[image: image1588.wmf](

)

2222

,2

fgEfgfgfg

"ÎÞ-++=+


Example:

1)Let us consider 
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Let us prove for 
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This means that if 
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2)Let us set of continuous function in 
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  this means that 
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 is not Euclidean space.
Hilbert Space:

Complete,seperable and infinite dimensional Eucliden space is called Hilbert space.
Example: 
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